In this paper, the optimal homotopy analysis method is applied to obtain the solution of a spatial fractional Burger equation. The fractional derivative is given in Riesz sense. The recurrence relation of the considered method is carried out based on some properties of Riesz fractional derivative. Numerical results illustrate the effects of varying the fractional derivative order α and the coefficient of the kinematics viscosity ν > 0 on the solution behavior.
Introduction
Fractional differential equations, both partial and ordinary ones, have received more attention in recent years. Here we consider the space fractional Burger equation of the form ∂ ∂t u(x,t) + u(x,t) ∂ ∂ x u(x,t) = νR α x u(x,t), 0 < x < 2π, t > 0, (1.1) with the initial condition
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where ν > 0 is the coefficient of the kinematics viscosity of the fluid, R α x is the the Riesz fractional derivative of order α and 0 < α ≤ 2, α ̸ = 1. The Riesz fractional derivative and its generalizations are used to model phenomenae as random walk models and anomalous diffusion in the form of fractional partial differential equations (FPDEs) [2] - [7] . Numerical solutions for FPDEs where Riesz derivative is defined on unbounded domains include for example the work in [8] and [9] . Yet, semi-analytic solutions for this type of problems include only the series solution by the variational iteration method approach [10] and by the homotopy analysis method (HAM) [11] . The HAM was proposed by Liao [12] - [15] . Based on homotopy of topology, the validity of the HAM is independent of whether or not there exist small parameters in the considered nonlinear equation. Therefore, the HAM can overcome the foregoing restrictions and limitations of perturbation techniques so that it provides us with a possibility to analyze strongly nonlinear problems. The HAM allows us to effectively control the region of convergence and rate of convergence of a series solution to a nonlinear differential equation via control of an initial approximation, an auxiliary linear operator, an auxiliary function, and a convergence control parameter. The HAM is used to solve nonlinear fractional differential equations such as in [17] - [19] . Yet the HAM choice for the convergence control parameter relies on the graph a quantity of interest. This drawback is overcome by the optimal HAM (OHAM). The optimal approach defines a residual error function which can be used to obtain the optimal convergence control parameter(s) that leads to fast convergent series solutions for a variety of strongly nonlinear equation. Also, an approximate value for the error is obtained. A good study for this optimal approach was presented and applied on the nonlinear Blasius equation in [16] . In this work, the OHAM is utilized to obtain the solution of problem (1.1)-(1.2). To illustrate the validity of the obtained series solution, the approximate solution is compared with the exact solution of the corresponding integer-order Burger equation of the form
This equation is used in the study of turbulence, shock waves and continuous stochastic processes [1] . We used ColeHopf transformation to obtain the exact solution of (1.3) with the initial condition displayed in (1.2) and the boundary conditions u(0,t) = u(1,t) = 0. This solution is explicitly given by
where a n = 1 2π
The article begins with some basic definitions of fractional derivatives used. Then, the OHAM is presented in details. Finally, the series solution of the problem (1.1)-(1.2) is presented to illustrate the proposed approach and the effects of parameters involved (ν and α ) on solution accuracy and behavior.
Basic definitions
Definition 2.1. The Riesz fractional derivative R α x is defined as [20] 
where D α ± u(x) are the Weyl fractional derivatives given by
7)
and I β ± denote the Weyl fractional integrals of order β > 0, given by
(2.8)
When α = 0, the Weyl fractional derivative degenerates into the identity operator
For continuity, we have
Evidently, in case α = 2, the Riesz fractional derivative takes the form of the second order derivative operator
For the case α = 1, we have
where H is the Hilbert transform and the integral is understood in the Cauchy principal value sense. In order to carry out with iterative steps in series solution, the following property of Riesz fractional derivative is utilized.
Proposition 2.1. [11] and [10] For α ∈ (0, 2), α ̸ = 1,
Optimal homotopy analysis method (OHAM)
Consider the following equation 16) where N is a nonlinear operator, u(x,t) is an unknown function and x and t denote spatial and temporal independent variables, respectively. By generalizing the traditional homotopy method, Liao [14] constructs the so-called zero-order deformation equation
where p ∈ [0, 1] is an embedding parameter,h is a nonzero auxiliary parameter, H(x,t) is an auxiliary function, L is an auxiliary linear operator, u 0 (x,t) is an initial guess of u(x,t) and ϕ (x,t; p) is an unknown function. Obviously, when p = 0 and p = 1, we have ϕ (x,t; 0) = u 0 (x,t) and ϕ (x,t; 1) = u(x,t). Thus, as parameter p increases from 0 to 1, the solution ϕ (x,t; p) varies from the initial guess u 0 (x,t) to the solution u(x,t). Expanding ϕ (x,t; p) in Taylor series with respect to p, we have
where
If the auxiliary linear operator, the initial guess, the auxiliary parameterh and the auxiliary function are properly chosen, then, as proved by Liao [14] , the series (3.18) converges at p = 1 and one has 20) which, as proved by Liao [14] , is one of solutions of the original nonlinear problem. Using definition (3.19) , the governing equation of the HAM can be deduced from the zero-order deformation equation (3.17) as follows. Define the vector 
and
Applying the inverse operator L −1 to both sides of (3.22), thenu m (x,t) can be easily determined by symbolic computation software, we use Mathematica package in our caculations. If we consider the case H(x,t) = 1, it is obvious the u m (x,t) contains only one control parameterh. Here, the averaged residual error defined for ordinary differential equations [16] is generalized to the case of two-variable partial differential equations in the following form
which is a nonlinear algebraic equation of one unknown convergence-control parameterh. Thus, the optimal value ofh is determined by the minimum of the averaged residual error E m to ensure the fast convergence of the homotopy series.
Series Solution of the problem
Some choices for this problem are as follows: the auxiliary linear operator is 26) and operator N in equation (1.1) is chosen as
Then, mth-order deformation equation for this problem is given by 
where Q(u) = uu x , and the Adomian polynomials for this nonlinearity are given by
. . .
By applying the inverse integral operator L −1 , with H(x,t) = 1 we have
dτ, (4.30) and one can find the first three terms in the series which are given by
We substitute into the averaged residual error E m displayed in (3.25)and then minimizing to obtain the optimal control parameterh. Then substitute this minimum valueh into the series solution (3.20) to obtain the optimal approximation to the solution of the problem (with a minimal error). These computations are done in fixed space and time intervals. In our study, the homotopy series computed up to eight terms u = u 0 + u 1 + ... +U 7 , and the solution u(x,t) is plotted in the interval 0 ≤ x ≤ 2π at different values of ν, α. At deferent values of problem parameters , the optimalh and the residual error E m are computed and displayed in table 1, the errors are estimated in the space interval 0 ≤ x ≤ 2π and a time interval 0 ≤ t ≤ 3, these intervals covers. Table 1 shows one of the advantages of the OHAM which is the ability to obtain an approximate value for the error of the series solution. This advantage is not available in other semi-analytic methods. Table 1 : The optimal homotpy parameterh and the corresponding estimated error E m in the domain 0 ≤ x ≤ 2π and 0 ≤ t ≤ 3.0 at different problem parameters, the fractional order α and the viscosity coefficient ν.
We illustrate the change in behavior of the series solution obtained by OHAM due to the change in the parameters of the model, the fractional order α and the viscosity coefficient ν . Figure 1 shows the series solution at a fixed time and the coefficient of viscosity ν and for different values of the fractional order α. It is obvious that as the value of the fractional derivative order α reaches 2, the series solution coincides with the exact solution of the corresponding integer order problem, and this indicates the efficiency of the optimal approach to give better approximations to the solution. Also, for a small values of ν, the effect of α is diminished. At a fixed fractional order α = 1.9, plots in Figure 2 give some insights on the temporal evolution behavior of the solution due to the change in the coefficient of viscosity. It is shown that as the coefficient of viscosity decreases, some oscillation appears in the solution specially as time elapsed (nonlinearity effect), and this interpret the dominance of the nonlinear term uu x over the linear diffusion term. To show the effect of the diffusion term (and hence the fractional parameter), we fixed the viscosity coefficient to ν = 5.0 and at different times (t = 2.0, 2.5 and 3) we plot the series solution at different values of α, see Figure 3 , the solutions show an oscillating behavior, and the fractional order reaches the integer order α = 2 , these oscillations are attenuated which give a kind of stabilization over the oscillating behavior .
Conclusion
OHAM solution to the space fractional Burger equation in Riesz sense is presented. Properties of the Riesz fractional derivative enable the semi-analytic solution to be obtained directly from the recurrence relation without need for any transforms, discretization of operator, or numerical approximations. The average residual error presents an insight to the error of the series solution and indicates if more terms of the series are needed for better approximation. The results obtained indicate that the fractional order parameter has a stabilizing effect over the oscillation behavior of the solution. They also show that much smaller values of the coefficient of viscosity diminish the effect of the fractional order parameter which reveals the dominance of the nonlinear term in the equation over the linear diffusion term .
